Abstract. In this article we design and analyze multilevel preconditioners for linear systems arising from regularized inverse problems. Using a scaleindependent distance function that measures spectral equivalence of operators, it is shown that these preconditioners approximate the inverse of the operator to optimal order with respect to the spatial discretization parameter h. As a consequence, the number of preconditioned conjugate gradient iterations needed for solving the system will decrease when increasing the number of levels, with the possibility of performing only one fine-level residual computation if h is small enough. The results are based on the previously known two-level preconditioners of Rieder (1997) (see also Hanke and Vogel (1999) ), and on applying Newton-like methods to the operator equation X −1 − A = 0. We require that the associated forward problem has certain smoothing properties; however, only natural stability and approximation properties are assumed for the discrete operators. The algorithm is applied to a reverse-time parabolic equation, that is, the problem of finding the initial value leading to a given final state. We also present some results on constructing restriction operators with preassigned approximating properties that are of independent interest.
starting from the initial guess u = 0, and that H β is the Hessian operator associated with the quadratic J β via the X -inner product. We add the subscript (resp. superscript) h to a vector (resp. operator) to denote its discrete version, h representing the discretization parameter. In this work, we are interested in fast solvers for computing the Tikhonov regularization of K † for operators K with certain smoothing properties.
If K * K is smoothing, and β is small enough, then the spectrum σ(H β ) has only a few eigenvalues that are significantly greater than 1 (and they correspond to smooth eigenvectors), while the remainder of the spectrum is clustered around the value 1. Therefore unpreconditioned Krylov-type methods are expected to be efficient in inverting H h β . For example, we can show that, if K is the solution operator for the heat equation mapping the initial value onto the final-time state, then the number of conjugate gradient (CG) iterations required to solve the regularized inverse problem down to machine precision is mesh-independent; moreover, the needed number of iterations grows only logarithmically as β → 0 (see Chapter 7 in [16] , and also [12, 1] ). However, the number of iterations needed for convergence, even though independent of resolution, may be too large for practical use in the case of large-scale problems, where the application of K h (i.e., the direct problem) requires, for example, solving a time-dependent three-dimensional partial differential equation. A standard strategy for solving large-scale optimization (or inverse) problems is to use reduced-order models, and perform optimization (or inversion) on the model rather than the direct (large) problem itself; this strategy usually restricts the accuracy and resolution of the solution process. In this work we show that multilevel techniques can be successfully employed in efficiently solving certain types of inverse problems without resorting to reduced models, thus producing highly resolved solutions.
Multilevel methods, especially multigrid methods (MGMs), have been used extensively to efficiently solve linear systems related to partial differential equations [2, 3, 4, 6, 8, 19] . The efficiency of MGMs relies on the availability of good smoothers, that is, iterators that are inexpensive to apply, and that remove high-frequency components from the approximation error. In the classical multigrid theory, originally developed for inverting elliptic operators, standard iterators such as Jacobi and Gauß-Seidel are natural choices for smoothers, this being related to the fact that the operator to be inverted has roughening properties (being of differential type). However, for operators with smoothing properties such as H h β , the aforementioned iterators remove the low-frequency components from the error, thus leaving an error that cannot be represented accurately on a coarser mesh. In [25] , frequently 1 2 , under appropriate and reasonable assumptions on the parabolic equation (cf. Picard's criterion, see [16] ). A similar situation is encountered in a data assimilation setting for, say, weather prediction. Here S(t) is the evolution operator for the velocity field of a fluid (air). Various direct or indirect measurements provide a part of the history of a process for which the entire state at a single time is unknown. Recovering a possible "initial state" at an artificially chosen time t 0 in the past enables "learning" the entire state at the current time, thus potentially improving predictions from this time on. Again, the initial state to be recovered naturally is S(τ )u, where u is a state at an even earlier time, which again leads to a Hölder-type source condition with ν > 1 2 , thus making the inverse problem amenable to the case when h p β. This article closely follows [12] and is organized as follows: after describing the problem in Section 2, we define the spectral distance between operators with positive definite symmetric part in Section 3; this distance (a measure of spectral equivalence) introduces a framework that is convenient for analyzing the two-level (Section 4) and multilevel (Section 5) algorithms. Theorems 4.1 and 5.4 are the central results of this paper. We present an application of these methods to inverse problems of parabolic type in Section 6. The article concludes with a section on numerical results. Appendix B contains a brief notation summary. In the absence of any subscript, |||T ||| denotes |||T ||| L 2 (Ω) . We consider a set of approximating spaces (V h ) h∈I with (2.1) I = {h max /2 i : i ∈ N} that have the nesting property
Notation and problem formulation
(Ω), ∀h ∈ I \ {h max }. Furthermore, we denote by π h the L 2 -orthogonal projection onto V h . Discretizations K h ∈ L(V h ) of K give rise to the following discrete quadratic functional to be minimized:
where f h = π h (f ) ∈ V h . Throughout this paper it is assumed that the operators K and K h together with their adjoints satisfy Condition 2.1. There exists a number p > 0 (the approximation order) and constants C 1 = C 1 (p, |||K|||, Ω) and C 2 = C 2 (p, Ω) such that for all h ∈ I the following hold:
[a] stability:
[b] smoothed approximation:
[c] negative-index norm approximation of the identity by the projection:
In order to minimize J h β we need to invert the discrete version of H β , namely
Lemma 2.3. The following approximation property holds:
Proof. For u ∈ V h we have
and (2.11) follows from the symmetry of
It follows from the definition of
with C = C(p, |||K|||, Ω), and similar estimates hold for the discrete Hessian. This implies that the quadratic J β is positive definite and has a unique minimizer given by (2.13)
Similarly the minimizer of the discrete quadratic is
We refer the reader to [15, 16] for results concerning convergence of u
The next result shows that u min h approximates u min to optimal order in the L 2 -norm and plays a role in the analysis of the multilevel method.
Theorem 2.4. Assume that Condition 2.1 holds. Then there exists a constant
we have the following stability and error estimates: 
The spectral distance
In this section we define a scale-independent distance between operators with positive definite symmetric part, and we study its relevant properties. This spectral distance is a measure of spectral equivalence between two operators and introduces a convenient framework for the multilevel analysis in Section 5.
Throughout this section (X , ·, · ) is a real, finite-dimensional Hilbert space. As usual, ||u|| = u, u is the Hilbert-space norm of u ∈ X . Denote by
the set of operators with positive definite symmetric part. All operators in this section are assumed to be in
u||. Our object of study is the preconditioned Richardson iteration (3.1)
leading to the solution x * of the equation
. Later we will specialize to H being symmetric (we think of H being Hessian H h β from (2.10)), but we allow the preconditioner M to be nonsymmetric, for reasons explained in Section 4.2. The results we prove for H symmetric (essentially Theorem 3.12 and Corollary 3.13) apply to the reverse situation as well, with the preconditioner M being symmetric and the operator H nonsymmetric, a situation that has been studied beginning with [10, 14, 17] . Also, some of the techniques in this section are rooted in the aforementioned papers. It is well known that the error e n = x n − x * satisfies
If H is symmetric, then
is an upper bound for the convergence rate of (3.1). Another quality-measure for the preconditioner M , especially useful when neither M nor H are symmetric, is the spectral radius ρ(I − MH). Although all the above quantities measure, in spirit, how far M −1 is from H, none of them is a distance function in a strict mathematical sense. For technical reasons that will become clear in Section 5 we prefer to assess the quality of M by using an actual (scale-free) distance function to measure how far M −1 and H are from each other. We denote the complexification of X by
and we consider the natural extension of the inner product on X to a Hermitian product on the complex vector space X C :
for T ∈ L(X ) define the complexification of T to be T C ∈ L(X C ) (the space of C-linear maps), where
We will drop the superscript C whenever there is no potential for confusion. Furthermore, we denote by B r (z 0 ) the open disc {z ∈ C : |z − z 0 | < r}.
We define the spectral distance between T 1 and T 2 to be
where ln is the branch of the logarithm corresponding to C \ (−∞, 0].
We should point out that, for
The polarization identity
We leave as an exercise to the reader the verification of the symmetry and triangle inequality (see also [12] ). The following elementary (but nontrivial) inequalities prove useful in evaluating the spectral distance.
For |ln z| ≤ δ we have
Proof. The modulus of the analytic function f : B α (1) → C defined by f (z) = ln z/(1 − z) attains its extreme values on the boundary ∂B α (1), as f has no zeros in B α (1) . On the circle C α (1) = {ζ : |1 − ζ| = α} we have |f (z)| = α −1 |ln z|; hence the extreme values of |f (z)| are attained at the same points as the extremes of |ln z| 2 . The problem is thus reduced to showing that the maximum of |ln z| 2 on the circle C α (1) is attained at ζ = 1 − α, and the minimum at ζ = 1 + α. We leave this calculus problem as an exercise (hint: Draw tangents from the origin to C α (1), and parametrize the two resulting arches using polar coordinates around 0. Use the angle as the free variable. The functions to be analyzed are g 1,2 (θ) = ln(ρ 1,2 (θ)) 2 + θ 2 , with ρ 1,2 (θ) = cos θ ± α 2 − sin 2 θ). For (3.5) we proceed similarly.
Remark 3.3. We should note the following short one-line proof of the fact that the global maximum of |ln z| on C α (1) is located at z = 1 − α:
However, we found no such simple argument for showing that the global minimum is at z = 1 + α.
The following result shows that, even if neither M nor H is symmetric, the spectral radius of (I − MH) is controlled by the spectral distance between M −1 and H.
Proof. Let λ ∈ σ(I − MH).
Then there exists a unit vector u ∈ X C such that (I − MH)u = λu, which further implies that
Hence
Remark 3.5. In general, the converse of (3.6) does not hold. For example, let
A concept related to the spectral distance is the numerical range or field of values of an operator T , which is defined in [18] as
the numerical radius is
We recall two results from [18] :
This is basically saying that w(·), which is a norm, is equivalent to the operator norm ||| · |||. However, for symmetric operators we have (3.8) |||T ||| = w(T ) , since W (T ) = co(σ(T )) (co(A) denotes the convex hull of the set A). The next result is about mapping of the numerical radius under a power function:
By analogy we define the joint numerical range to be
Note that W (T, I) = W (T ). With this definition the spectral distance becomes
This is easily seen from the change of variable
2 . The symmetry of T 12 implies
The reverse inclusion being evident, we get
and (3.13) follows by (3.11) . Moreover, since all operators involved are symmetric,
where λ min (resp. λ max ) is the smallest (resp. largest) eigenvalue of T 12 . The fact
The following lemma is a restating in terms of the spectral distance of equivalent results from [10, 14, 17] .
Proof. As in the proof of Lemma 3.9 we have
and the conclusion follows from (3.11).
The remainder of this section is devoted to showing that if H is symmetric, and H and
1 ||| become asymptotically close as d X (T 1 , T 2 ) → 0. It will be convenient to regard the Richardson iteration (3.1) as an iteration of preconditioners. More precisely, we think of (3.1) as a sequence of single iterations with "improved" preconditioners:
In particular
Hence the iteration is
We will be using the operator N H in designing a multilevel preconditioner in Section 5 in the following way: given an initial (and unacceptable) guess X at H −1 , the next best guess is N H (X). By (3.17) the first Richardson iterate with N H (X) as a preconditioner instead of M , namely the value x 0 + N H (X)(b − Hx 0 ), is equal to x 2 from (3.1). Therefore applying N H (X) amounts to performing two Richardson iterations with M as a preconditioner.
. By (3.11) and the fact that
hence by (3.9) and (3.21) we get
Since max{| ln(z)| : z ∈ B γ (1)} = | ln(1 − γ)| (here we used γ < 1, which follows from α < ln 2 and also implies that M n is positive definite), we get
which concludes the proof.
Corollary 3.13.
Under the conditions of Theorem 3.12 the sequence x n defined by the simple iteration (3.1) converges to the solution x * , and we have the estimate
Proof. The relations (3.2), (3.23) and (3.7) imply
Similarly to the proof of Theorem 3.12 we have
with g as in the hypothesis.
Remark 3.14. In light of the asymptotic behavior of the functions g n and g above, we rewrite (3.25) in the following way: for every C > 2 there exists δ(
Two-level preconditioners for the discrete Hessian
In this section we construct and analyze two-level preconditioners for the discrete Hessian H h β defined in (2.10). Given that H h β is symmetric, it is natural to seek preconditioners that are symmetric as well (Section 4.1). However, the results in Section 3 show that symmetry of the preconditioner is not essential for the Richardson iteration to converge. In Section 4.2 we investigate the possibility of using slightly nonsymmetric operators as preconditioners for H h β . Nonsymmetry may occur by allowing restriction operators other than exact L 2 -projections. The main results in this section are Theorems 4.1 and 4.3, which essentially state that the spectral distance between the constructed preconditioners and the inverse of the Hessian is O(h p /β). We should point out that the results presented in this section, although similar to the ones in [30, 20] are obtained in a different context. While the discrete operators in the aforementioned papers are obtained by orthogonal projections of their continuous versions on the finite-dimensional spaces under consideration, our discrete operators arise from natural finite element discretizations, and the only assumptions made are related to convergence and stability. Naturally the results in Section 4.1 have counterparts in [30, 20] , but the techniques used here are different.
A symmetric preconditioner.
For the remainder of this article we consider on V h the Hilbert-space structure inherited from L 2 (Ω). Let W 2h be the orthogonal complement of V 2h in V h , and let ρ 2h be the orthogonal projection onto W 2h , so that π 2h + ρ 2h = I. We shall refer to V h as the fine space in relation to V 2h , which will be the coarse space. We consider the splitting
Standard Fourier analysis on uniform grids shows that π 2h extracts the low-frequency components from a function in V h , while ρ 2h extracts the high-frequency components. For h 1 it is expected that H h inherits the smoothing character of H = K * K, therefore annihilates high-frequency components, i.e., H h ρ 2h ≈ 0. Similarly, ρ 2h H h ≈ 0, since this operation amounts to extracting high-frequency components from a "smoothened" function. This suggests that the cross terms A 2 , A 3 are negligible (since A 2 ≈ ρ 2h π 2h = 0, A 3 ≈ π 2h ρ 2h = 0), and that A 4 ≈ ρ 2h (see [11] for more details). On "smooth" components both H h and H 2h approximate H well, since all eigenvectors of H corresponding to large eigenvalues are well represented on fine grids (the high-frequency eigenvectors of H correspond to negligible eigenvalues); hence
Due to the similarity with the additive Schwarz construction from domain decomposition, and in accordance with [30] , we denote it here as the TLAS (Two-Level Additive Schwarz) preconditioner. We would like to remark that M h β and L h β are symmetric. It should be noted that the projector I − π 2h removes high-frequency components from the approximation error; therefore it acts as a smoother. However, unlike the case of the classical multigrid, neither is the solution a fixed point for this smoother, nor does it make sense to apply the smoother more than once.
The remainder of this section is devoted to proving the following theorem, which gives an estimate of the distance between L h β and (H
Before we proceed to the proof of the theorem we state the corollary which legitimizes the use of L h β as a preconditioner for the Hessian.
Corollary 4.2. Under the hypotheses of Theorem 4.1 there exists a constant
Proof. The result follows directly from Theorem 4.1 and Lemma 3.10.
We would like to remark that, for fixed β, the quality of the preconditioner L h β increases with h → 0. This is different from standard multigrid preconditioning for elliptic problems, where the goal would be to show that the right-hand side of (4.3) is independent of h. It should not be surprising that (4.3) is such an optimistic estimate. This is related to the adverse eigenstructure of the eigenvaluefrequency correlation for the operator H h β . By increasing resolution we only add high-frequency eigenfunctions whose eigenvalues are close to 1. On the other hand, the low-frequency eigenvectors (with higher energy) are increasingly well approximating the continuous (smooth) eigenvectors of H β , and therefore they are increasingly well approximated by corresponding eigenvectors of H 2h β . Hence the fine-space operator is increasingly well approximated by the identity on the high-frequency part, and by the coarse-space operator on the low-frequency part. We return to the proof of Theorem 4.1:
Proof. We have the following relation on V h :
Note that all operators in the above sum are symmetric in
Similarly, we obtain | Cu, u | ≤ Ch p ||u|| 2 . For the middle term we have
with C = C(p, |||K|||, Ω). Putting the above estimates together we get
The conclusion follows from the symmetry of M . A local restriction operator that satisfies a similar, but slightly weaker condition is defined in [5] . In Section 6.3 we show how to construct local restriction operators with the required properties.
Theorem 4.3. Assume that the operators K, K
h satisfy Condition 2.1, and that
approximation of the identity in the negative-index norm:
for some constant C = C(p, |||K|||, Ω).
Note that this result, though applying to a larger class of restriction operators, is weaker than Theorem 4.1, due to the extra power of β in the denominator of the right-hand side of (4.8). We first prove (i) smoothing properties of the discrete Hessian:
(ii) smoothing properties of the inverse discrete Hessian:
Proof. Throughout this proof C will denote a generic constant depending only on p, |||K||| and Ω.
(i) Conditions (2.6) and (4.6) imply that for u ∈ V h ,
For u ∈ V h we have
The inequality
follows along the same lines, and (4.9) is proved.
We now proceed to the proof of Theorem 4.3.
Proof. Recall that in Corollary 4.2 it was shown that
where
Since β ≤ 1, it suffices to show that
For the last equality we have added and subtracted ((H
used the symmetry of ((H
It follows that the projection of the set
we obtain therefore
where w is the imaginary part of a complex number w. We now turn our attention to the projection of W (L 
this, together with (4.18) and (4.16), implies
where Rw is the real part of a complex number w. Finally from (4.17) and (4.20) it follows that
In particular this implies, possibly by further reducing h 0 by a factor of two, that L h β ∈ L + (V h ). Lemma 3.2 implies that (4.13) holds for h ≤ h 0 (β, p, |||K|||, Ω).
A multilevel preconditioner
In this section we define a multilevel preconditioner K h β that is of comparable quality with the two-level preconditioner L h β defined in Section 4. By analogy we will denote the preconditioner by MLAS (Multi-Level Additive Schwarz).
Design and work estimates. Before constructing
−1 in (4.1) with the coarse-space preconditioner; thus we define the preconditioner recursively:
. At the coarsest level h 0 we use the conjugate gradient method as an "almost direct" solver. It is immediate that G h β ∈ L + (V h ). This strategy yields a multilevel preconditioner with a V -cycle structure, which is very similar to the one defined in [30] . In Theorem 5.2 we prove that the distance between G −1 only depends on the coarsest level resolution, which is consistent with the results in [30] . This preconditioner is suboptimal, and this fact should not be surprising: the multilevel G h β is in fact only a two-level operator, in the sense that we would obtain the same G h β if we had used only the finest and the coarsest levels. For example, if we use three levels corresponding to resolutions h, 2h, and 4h, then
Also we should point out that, when applying G h β , residuals at intermediate levels are never computed. Thus the quality of the multilevel preconditioner G h β , while not degrading, also does not improve with increasing fine-level resolution. As a result, for example, the number of G h β -preconditioned conjugate gradient iterations will be constant if h 0 is kept fixed and h → 0. Our goal is to design a multilevel preconditioner whose quality improves with increasing fine-level resolution. This would imply that asymptotically (as h → 0) we may only need one preconditioned iteration at the finest level.
We adopt a different strategy in defining an improved preconditioner K 
then we define K h β recursively using (3.18) by
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With this notation the symmetric preconditioner from Section 4.1 is written as
We should note that G h is symmetry-preserving; therefore K β )-preconditioned Richardson iterations, as explained in Section 3. This implies that there will be two calls to the coarser-space procedure, therefore K h β has a W-cycle structure. We would like to remark that the calling sequence pre-smoothing -restriction -error correctioninterpolation -post-smoothing from the classical multigrid is not appropriate for Algorithm MLAS. Here restriction applies to the right-hand side as a whole as opposed to the smoothed residual, as in the classical multigrid, and smoothing occurs again between the error-correction steps.
// smoothing and error correction (8) return u 2
, l. If we denote by W (i) (resp. R(i)) the work needed to apply K
We have assumed that the cost of restriction and interpolation is negligible compared to that of a residual computation. Indeed this is the case when H h i β is represented by a dense matrix, and restriction by a sparse matrix, or when the direct problem (i.e., applying K) is a space-time process and restriction operates only on the spatial variables (see Section 6) 
It is shown in [16] that the unpreconditioned conjugate gradient takes a levelindependent number of iterations N cg to solve the exponentially ill-posed problems (N cg still depends on β). This results in W (0) = CN cg R(0), with C = O(1) being a universal constant. Hence we have the estimate
The number g is related to the dimension of the problem to be solved. For example, if the forward operator K is a three-dimensional space-time operator, and we use a time-stepping procedure with the same convergence order as the spatial discretization, then g = 4. With l = 3 levels, (5.6) results in W (3) ≈ (16/15 + 0.002 · C · N cg )R(3). In practice we have observed N cg ranging from 20 to 200 (see [1] ). Hence for this numerical example the work for applying the three-level preconditioner is a small multiple of the work for a residual computation.
In practice, algorithm MLAS should be modified so that, at the finest level, no residual computation is performed inside the preconditioner; that is, at the finest level MLAS should return the value u 1 on line (4) 
This quantity lies at the basis of the residual and error estimates, as pointed out in Section 3. We will also estimate
Proof. A simple calculation shows that for any a, b > 0 the function g(x)
Since (I − π 2h ) is positive semidefinite, we obtain for u ∈ V h with π 2h u = 0,
The conclusion follows after passing to the supremum over all u ∈ V h with π 2h u = 0 in the inequality above.
Theorem 5.2 (V-cycle estimates). Under the hypotheses and in the notation of Theorem 4.1 there exists a constant C = C(p, |||K|||, Ω) such that
Proof. Assume that h = h 0 2 −l with h 0 small enough so that Theorem 4.1 applies. Then
We apply the above recursively to obtain
which proves (5.10).
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which concludes the proof. 
Theorem 5.4 (MLAS error estimates). Assume that Condition 2.1 holds, and that
(5.15) h p 0 ≤ min 0.1, 2 −(p+3) · β C ,(5.16) d h (K h β , H h β ) −1 ≤ 8 C h 2p β 2 , ∀h ∈ I.
Proof. Theorem 3.12 implies that, given operators M, H ∈
hence by (5.17) we obtain The previous result shows that the quality of the multilevel preconditioner improves with increasing resolution; moreover the estimate is optimal with respect to h. We should remark that a proper comparison of the multilevel preconditioner with the two-level preconditioner from Section 4 requires weighing as shown in (2.16), therefore unnecessary. As shown at the end of Section 5.1, K h β should be implemented so that no finest-level residual computation should be performed inside the preconditioner. The multigrid preconditioner can be used in conjunction with a Krylov solver, and all finest-level Hessian-vector multiplications should be left to the iterations in the solver.
Application to the finite element Galerkin approximation for parabolic problems
In this section we identify a class of linear parabolic problems and their discretizations for which Condition 2.1 is satisfied; in particular it will follow that all results in Sections 4 and 5 apply. The verification amounts primarily to providing links to the corresponding results in the literature. In Section 6.2 we discuss a few results on regularization for inverse parabolic problems, and we devote Section 6.3 to the construction of local restriction operators.
The inverse problem. Let Ω ⊂ R
d be an open set, with d ≥ 1 an integer. We consider the following initial value problem:
), c(x, t) being smooth functions with uniformly bounded derivatives of all orders on Ω × [0, ∞).
We define the time-dependent bilinear form a : (0,
It is assumed that a is coercive, i.e., there exists a constant c 1 > 0 independent of t such that
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and that the boundary ∂Ω is smooth enough for the following regularity condition to hold:
This is verified for example in case Ω ⊂ R 2 is a convex polygonal domain and a ij (x, t) = α(x, t)δ ij with α(x, t) a positive smooth function (δ is the Kronecker symbol), or if ∂Ω ∈ C 1 . For u 0 ∈ L 2 there exists a unique solution u : (0, ∞) → H 1 0
to the weak formulation of (6.1), namely
(cf. [26] and [27]). We denote the time-t solution operator by S(t)u 0 def = u(·, t). Given a fixed T > 0 we define the operator K ∈ L(X ) by
with X = L 2 (Ω). We restate Lemmas 2.3, 2.6 and equation (2.12) in [26] as Lemma 6.1. For p = 0, 1, 2 and t > 0,
where C is independent of t and u 0 .
For each fixed t > 0, the adjoint (S(t))
* is the time-t solution operator of the equation obtained from (6.1) by switching the signs of the b i 's, thus resulting in an equation of the same type as (6.1). Therefore Lemma 6.1 applies to (S(t)) * as well.
Corollary 6.2.
For p = 0, 1, 2 and t > 0,
We conclude that the forward and adjoint operators K and K * satisfy Condition 2.1 [d] . We discretize the forward problem via the Galerkin method using continuous piecewise linear functions in space, and backward Euler in time. In order to verify Conditions 2.1[a] and [b] we resort to the literature on error estimates for fully discrete parabolic problems with irregular data [26, 27, 28] . For an extensive presentation of finite element methods for parabolic problems, see [31] . For simplicity we focus on the two-dimensional case (d = 2). Let T h 0 be a triangulation of the domain Ω, and let T h/2 be defined inductively to be the Goursat refinement of T h for all h ∈ I = {h 0 /2 i : i ∈ N} (each triangle in T ∈ T h is cut along the three lines obtained by joining the midpoints of its edges). Note that (T h ) h∈I is a sequence of quasi-uniform triangulations. For h ∈ I define 
(cf. [7] ). Let t m = mk with m = 0, 1, . . . , M h so that t M h = T , with k = k(h). The backward difference approximation U m to u(t m ) is computed succesively by
The following estimate holds with C independent of h, m (see [26, 27] ):
We will choose k(h) = k 0 h 2 ; therefore the discrete operator is an easy consequence of the Bramble-Hilbert Lemma. Due to the fact that the time-stepping method is only first-order accurate in time, we would use four times less time steps for the coarser level; therefore a coarse-level residual computation is four times less costly than a fine-level residual computation (the exponent g in Section 5.1 is g = 4). We have thus verified that all results in Sections 4 and 5 apply to the problem (1.1) with K, K h defined as in (6.7) and (6.15). In fact this particular model problem has been the driving force behind the development and analysis of the MLAS preconditioner.
6.2. Some results on regularization for inverse parabolic problems. In this section we present a few calculations that explain some of the qualitative behavior observed in the numerical solution of regularized inverse parabolic problems from Section 6.1. In Lemma 6.4 we show why the solution of the L 2 -regularized inverse problem (1.1) with K defined by (6.7) has a square variation that is comparable to that of the "true" initial value if β is chosen appropriately (see also Figure 1 ). This fact may seem surprising, given that L 2 -regularization explicitly controls only size, and not derivatives. Example 6.5 is devoted to explaining another observed fact, namely that, when controlling the initial value for matching final-time measurements, recovery of intermediate states is of significantly better quality than that of the initial condition (see Figure 2 in Section 7). The immediate consequence is that, even if the recovered initial value may not be of acceptable quality (e.g. for localizing certain features), it still can be used successfully for improving predictions.
Remark 6.3. Let X , X be two Hilbert spaces such that X ⊆ X (X does not have to be a Hilbert-subspace of X ). Furthermore, let K ∈ L(X ) be such that K(X ) ⊆ X , and assume that K| X ∈ L(X ) is compact. Then σ(K| X ) \ {0} only consists of a point-spectrum; therefore
Lemma 6.4. Assume K is given by (6.7) and that the "data" f in (1.1) takes the form f = Ku 0 + ϕ, with ϕ ∈ X ; furthermore, assume that
where C is the constant from (6.8).
and L(X ). Moreover, it is symmetric and positive definite in X ; hence
the conclusion follows by (6.8).
It should be noted that, if K is the solution operator for the heat equation, then H is symmetric with respect to the H 1 0 inner product as well; therefore
Example 6.5. Let S(t) be the solution operator for the one-dimensional heat equation on Ω = [0, 2π] with zero boundary conditions. We will show that the relative distance between the "exact" solution S(t)u 0 and the recovered solution S(t)u min is decaying in time. For simplicity we restrict our attention to the case of unperturbed measurements, i.e. f = S(T )u 0 .
Let χ k (x) = (2π) −1 e ikx , k ∈ Z, be the standard Fourier basis of L 2 (Ω), and letû = u, χ k be the Fourier coefficients of a function u ∈ L 2 (Ω). We formulate our inverse problem in the space X = {u ∈ L 2 (Ω) :û k +û −k = 0, ∀k ∈ Z} that is invariant under S(t). We prefer to express all quantities in terms of the basis (χ k ) k∈Z as opposed to an orthonormal basis of X . With the formulation and notation from Lemma 6.4 we have (6.19) (
For simplicity we assume thatû k = 0 if k = 0 (by constructionû 0 = 0), and that β 1. By (6.18),
Since for moderate and large values of k the eigenvalues µ k,β = (1 + β
of (H β ) −1 are close to 1, the error formula (6.18) implies that the corresponding components of u 0 are not well approximated by those of u min ; this results in a fairly large relative difference between S(t)u min and S(t)u 0 for small t. A slight increase in t strongly reduces the size of the high-frequency components both in S(t)u min and S(t)u 0 , and the eigenvalues of (H β ) −1 associated with the remaining low-frequency components are of size O(β). As a result, the expression on the right-hand side of (6.20) will decrease over a short time interval from O(1) to O(β 2 ). A rough estimate, obtained by separating the first nonzero components from the rest in the numerator of the expression in (6.20), gives
which clearly show the decay to be exponentially in t.
6.3. Construction of local restriction operators. In this section we show a way to construct local restriction operators that satisfy conditions [e, f ] in Theorem 4.3. Local operators, whether defined in an explicit or implicit way, are more attractive for computational purposes than orthogonal projections, which require inverting the mass matrix on the coarse level. The local restriction operator inherited from the classical multigrid, defined as the adjoint of the natural interpolation with respect to a mesh-dependent inner product approximating ·, · L 2 , typically satisfies the approximation property (4.6) only up to order p = 1 (see Example 6.7). A local, explicit, symmetric restriction operator that approximates the identity operator in negative-index norm up to higher order is defined in [5] . More precisely, for continuous piecewise linear elements the inequality (4.6) is verified for any p ∈ [0, 3/2), and a similar result holds for quadratics. However, our estimates in Section 4 require, e.g. for linear elements, that (4.6) holds for p = 2. The main result of this section, Theorem 6.6, shows how to construct restriction operators with needed approximation properties. For simplicity we restrict our exposition to the two-dimensional case. Consider the quasi-uniform triangulations (T h ) h∈I defined in Section 6.1. For a triangle T ∈ T h denote by P s (T ) the space of polynomials of total degree ≤ s − 1 restricted to T , and let s ≥ 2 be fixed.
h the Lagrange finite element spaces (6.21) 
The Bramble-Hilbert Lemma and (d) imply
for the last inequality we used the quasi-uniformity of the triangulation. It follows that 
is the Goursat refinement of T 2 −k . Let s = 2 in (6.21) and define our spaces to consist of continuous, piecewise linear, doubly-periodic functions:
We extend the functions in V h k to R 2 in an obvious way. Let {P
..,2 k the corresponding nodal basis functions. We introduce, as in [7] , the mesh-dependent inner products on V
It should be noted that ·, · k is obtained by applying the second-order correct cubature rule (6.25)
to the L 2 -inner product; hence
is defined by the equation
A simple calculation shows that
are the vertices directly connected to P k i in the graph of T h k (periodicity assures that every vertex has exactly six neighbors in the graph). This shows that (6.29) supp(R
Obviously N 
If we denote by p 1 and p 2 the projections onto the two coordinate axes, then the functions
The equalities (6.30) and (6.31) can be rewritten as (6.32) (
For unstructured triangular meshes the restriction R 
Remark 6.8. We note that a result similar to Theorem 6.6 holds for tensor-product finite elements, and that the same argument as in Example 6.7 can be used to show that the standard restriction operator used for continuous, piecewise linear tensor-product finite elements in R d also satisfies the optimal negative-index norm estimates (6.33), provided the mesh is uniform and the functions are periodic.
Example 6.9. We return to the framework of Section 6.1, that is, the case of an unstructured quasi-uniform triangular grid on a polygonal domain Ω ⊂ R 2 , with V h consisting of continuous piecewise linear functions (s = 2). We define a local restriction operator R 
Under additional regularity assumptions on the meshes (T h ) h∈I we can show that the system (6.37) is diagonally dominant, therefore nonsingular, and that the resulting restriction operator is uniformly bounded, thus verifying condition [e] in Theorem 4.3. More precisely we can show that for every node M in the fine mesh, the system (6.37) has a solution (α j ) j=1,2,3 with |α j | ≤ C, where C is independent of h. This implies that the restriction operators are uniformly bounded. For details see Appendix A. The other hypotheses in Theorem 6.6 are satisfied by construction; therefore (6.38) Figure 1 . Evolution of exact solution versus recovered system for β = 10 −3 ; we used 400 intervals.
A numerical example
We present a simple numerical example that illustrates the application of the multilevel preconditioner MLAS to the inverse problem defined in Section 6.1. we test the V-cycle and the W-cycle preconditioner (MLAS) from Section 5. MLAS is modified so that, at the finest level, only one recursive call to the coarse space solver is performed at each iteration; therefore no residual is computed at the finest level in the preconditioner. This way comparison between the W-cycle and the V-cycle preconditioner is fair (in fact the two are identical if only two levels are used). In Figure 1 we show the time-evolution of the system starting from the "exact" initial value versus the recovered initial value at times 0, 0.5 and 1 for β = 10 −3 .
Targets: Due to the fact that the Hessian is never formed, it is difficult to evaluate directly the spectral distance between the inverse of the Hessian and the tested preconditioners. We evaluate the quality of the preconditioners indirectly by looking at the number of preconditioned CG iterations needed to obtain a residual whose norm is rtol = 10 −12 times smaller than the norm of the right-hand side. We use the zero-function as the initial guess. Our goal is to verify the following consequences of Theorems 5.2 and 5.4:
1. V-cycle: for a fixed base level the number of iterations N it is independent of the number of refinement levels (provided the base level is sufficiently fine); N it decreases with increasing base-level resolution; 2. W-cycle: given a sufficiently fine base level, N it decreases with increasing number of refinement levels; in fact, N it depends only on the finest resolution (if at least two levels are used).
Furthermore, we verify that unpreconditioned CG solves the problem in a number of iterations that is independent of the mesh size, and increases slowly with β → 0. We consider two ways of measuring the success of the solution process. An absolute measuring unit is the number of flops needed for a direct (forward) solve. We call the cost of the inverse solve measured in forward solves the efficiency factor, denoted by I/F:
I/F = cost of inverse solve cost of forward solve .
For unpreconditioned CG each iteration requires a matrix-vector multiplication, which costs approximately two forward solves. Therefore the CG solve with N it iterations costs about 2N it forward solves; the whole solution process includes also a gradient computation; therefore, the efficiency factor for the unpreconditioned CG is ≈ 2(N it + 1). In Tables 1-6 we show for each case the number of iterations, and in parantheses the cost of the solution process for the inverse problem computed in "forward solves". An alternative way of measuring success, which inherently takes into account the difficulty of the problem, is by using the work of unpreconditioned CG as a measuring unit (since it is quasi-proportional with the space-time size of the problem). E.g., if the measuring time T is large, then nearly all information about the initial value we are trying to recover is lost, and essentially we are inverting the identity operator. CG captures this fact by solving the problem in a small number of iterations.
Results and conclusions:
A visual inspection of the recovered solution in Figure 1 (dotted line at time 0) shows that the recovered u min is a smooth curve, as predicted by Lemma 6.4. At the same time it shows that, despite the recovery of the initial value itself not being very accurate (u min exhibits low-frequency oscillations), S(0.5)u min is very close to S(0.5)u 0 ; note that no measurements were taken at time t = 0.5. The plot in Figure 2 shows an exponential-like decay of the relative error ||S(t)(u min − u 0 )||/||S(t)u 0 ||, as expressed in Example 6.5. The left column in Tables 1-6 shows the number N of intervals used for discretization; the column headers indicate the number of refinement levels used. E.g., for N = 400 and three levels of refinements the finest grid will have 2 3−1 N = 1600 intervals. The entries in the first column support the assertion that unpreconditioned CG solves the inverse problem in a mesh-independent number of iterations. The two targets mentioned above are verified in the runs with β = 10 −3 (Tables 1 and 2) , and β = 10 −4 (Tables 3 and 4 ). Most importantly, we notice that the number of MLAS-preconditioned CG iterations depends only on the finest-level resolution, independent of the number of levels. In particular, this confirms the conclusion , causes the base case with N = 200 to become unacceptably coarse. Specifically we see the V-cycle preconditioned CG taking a fairly large number of iterations, thus making this solution process as expensive as the unpreconditioned CG. Also as a result of the base case being too coarse we see the W-cycle preconditioner losing its positivedefiniteness. Another interesting fact is noticed when using N = 400 as a base case. Although the V-cycle preconditioner stagnates after ≈ 14 iterations (Table 5) , the W-cycle algorithm shows a certain ability of self-correction, thus overcoming the suboptimal choice of base level. The correct base level for β = 10 −6 seems to be the one with N = 800, a point at which predicted behavior sets in. In terms of efficiency at a given resolution, the I/F factor readings suggest that MLAS is most efficient when maximizing the number of levels, constrained by having the base level acceptably coarse. Using this strategy we found MLAS-preconditioned CG to work up to four times faster than unpreconditioned CG (e.g. Table 6 , N = 800 with 4 levels has an I/F of 17.7 compared to a predicted I/F of 72 for unpreconditioned CG). In this section we refer to the notation and context of Example 6.9. We introduce a set of conditions on the meshes (T h ) h∈I that prove sufficient for the systems (6.37) to have uniformly bounded solutions.
For each vertex A of T h we denote its vicinity by 
